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Parameter Estimation of Factor Model Using Variational Bayes Approach
LI Yalei, CHEN Bowen, LI Xingping
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Abstract: Objective This study aims to address the challenge of complex calculations for the posterior distribution
function in the factor analysis model. Methods Initially, the variational Bayes (VB) method is employed to estimate the
parameters of the factor analysis model where the factors follow an exponential distribution. The VB method utilizes the
coordinate ascent variational inference (CAVI) algorithm for iterative parameter solving. Subsequently, a comparison is
made with the MCMC (Makov Chain Monte Carlo) method. Through random simulations, the effectiveness of both the VB
and MCMC methods is evaluated when the sample size is 300. The ELBO plot is used to assess the convergence of the VB
method, while the parameter trace plot and autocorrelation plot are used to determine the convergence of the MCMC

method. The performance of the two methods is judged based on the deviation between the predicted and true values.
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Finally, an empirical analysis is carried out on an actual dataset with a sample size of 713. Results Simulation and
empirical analyses indicate that both methods converge, with the absolute deviations being less than 0. 1. Nevertheless,
the VB method outperforms the MCMC method in terms of estimation accuracy, computational complexity, and running
time. The advantages of the VB method become more prominent when dealing with large sample sizes. Conclusion In the
factor analysis model, assuming that factors follow an exponential distribution can be a reasonable option. Compared to the
MCMC method, the variational Bayes method effectively reduces the computational burden associated with the posterior
distribution function of the factor analysis model and provides more accurate parameter estimates. The VB method offers
three key advantages: First, it simplifies calculations as it avoids the integration of complex posterior distributions.
Second, being based on an approximate distribution, the VB method significantly reduces running time, especially for
large-scale samples, compared to the MCMC method. Third, the VB method demonstrates higher estimation accuracy than
the MCMC method.
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Table 3 Estimated values and deviations of factor model

parameters using two methods (N=300)

L (#K3)
. MCMC VB &
K #K ASA £ 1 £
1A A
A4l 0.674 0. 661 0.013 0. 660 0.014
A42 0.552 0.480 0.072 0. 500 0. 052
AS1 0.770 0.759 0.011 0. 740 0. 030
A52 0. 426 0.363 0. 063 0. 370 0. 056
D11 0. 124 0.212  -0.089  0.200 -0.076
D22 0. 402 0.478  -0.075  0.470 -0. 067
D33 0.210 0.300 -0.090  0.265 -0. 055
D44 0.241 0.333 -0.092 0.314 -0.073
D55 0.225 0.292  -0.067 0.316 -0.090

. MCMC . VB 4 .
K H ASMH £ £
A A
All 0. 819 0. 809 0.010 0. 810 0. 009
Al2 0. 454 0. 365 0. 089 0. 380 0.074
A21 0.521 0. 509 0.012 0.510 0.011
A22 0.571 0.513 0. 058 0.520 0.051
A31 0. 476 0. 460 0.016 0. 450 0. 026
A32 0.751 0. 699 0. 052 0. 730 0. 021

B 125 H T2 N=300 B, MCMC J7 3%} F Rt
RIZHG I8 B B, B R R 5 MCMC 7 ik i i st
Bl 1(a) B 1 (c) FRanBEPLAS & 4% B AL T (Kernel
Density Estimation, KDE ) &, J&XJ 11 bR J5 56 B B £ 4T
S AL BT B A, TR B T 2% S U 1 Y R
2R HAR R T T 57 A3 A, AR A v c AR PR 3 35
KDE IR 4F, K 1(b) K 1(d) EZmBEPLE Y
BEAR I SR A — AL R A AR S B A R, A 1R
S R AEAE A AL AT 980 R P N (R ) —
X IR, B0 B R R AT

K2 45t T4 N=300 B, MCMC 7311 3 FHCH
H it 2 HWr MCMC 73k milesirt: . aT LE B rf 2k
A RAFAR 22 [R] 0% A5 AR 5 (4 A SC M, I T H A SC R
IR, 4546 HAARA A AR, 7] LA W MCMC
D7 RS, T PRIE T BT A 15 21 19 R FE (R IR T
IEH B AR

K3 25 1T YA V=300 B, VB J7% (% ELBO
K, B S VB Tk st , WEIH AT LR #,
B 2 A UBOAS W 8 i, A8 43 S ELBO 76 AN B b 1
S, AT LLIIACH VB 5 B U8

A_11

SR

(a) E—&%5 A1l BEZEHITE

0.4
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A_120 A_121

1.2

0 20 40 60 80 100 0 20 40 60 80 100
(c) E—%H A2 BEXE (d) FZHEA12 BEXE
2 MCMC 7iEmBHXE (N=300)

Fig.2 Autocorrelation plot of MCMC method (N=300)

0 2 4 6 g xI0°
(b) F—5&HE A1l IR E x10° Y =
-101
A_12
o -1l
=)
=
_12.
~13 1
SNV —— \
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Sttt
E 3 VB Ai%K ELBO B (N=300)
Fig.3 ELBO plot of VB method (N=300)
F AW T MCMC J7iE M VB ik iyig it e], A
TR G AT LA . VB J7ikis 7 iy B[] 2E [k MCMC
TR X% VB ik Az —, e, Y BEE A

04 -02 00 02 04 06 08 10 12
(¢) Bo&HE AL ZEEHKITE

s ARSI, 35— ] 22 B2 500 68, VB 7 3t
1.2
1.0 AN

F* 4 MCMC 773% VB FiEREITRIE (N=300)
Table 4 Running times of MCMC method and VB
method (N=300)

A #  MCMC 7 #iE 478t /s VB 7 kB AT B ) /s

Al 56 6.29
| A2 61 4. 64
0 2 4 6 8 X103
A3 54 6. 35
(d) E-&K4 A2 BERE
1 MCMC 75858 5 E (N=300) A4 36 6.07
Fig. 1 Parameter Trace Plot of MCMC Method (N=300) A3 56 6.13
A_110 A_111
0.9 5 SLBIHTS RA
08 LEAAT S T B A SC T 24 B 7 I M35
]1 I}

00 BOo A B, B 80 5 2 4 UL 85 7 o vk B 3% [
s 1999—2021 47 {43 Hi [X A4 o J A 49904 9% 52 o 4 i 8

000 @ 60 80 100 0 20 40 60 S0 100 P gk B 4R T DLE I R G2 it i E W hitp 2/ www.
(a) E—%$ A1l BHEXE (b) F&HE A1l BEXE stats. gov. cn/sj/ndsj/2022/indexch. htm H1 48 2], M X
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AN ERSE R BEBOR [A] 3t X 1 A A i RAE IR AR
57 B H L AT E J7 1E A0 2 S i Ak 5 AR i
AT N=713, %15> S 800} [ RE K 7 3 far B A v
15— TSRO — i, b B — 1746 2 38
SO 3T I A S . B SE AT KMO A6 i E
R R RTS8, W ESCHE 2 7538 5 R4 T IR 743,
FE A U R AN SRR VB AR T R AR
RIS HET, 375 MCMC J7 L e Rt L,
5.1 WikiksSs
HI& 5 AT YA EA SR N=713 En“ WL T KMO Al
ELRE A RR BRI A 50, D0 BE 4R35 5 AT R 10 BT

F5 KMO @I EHFFIHRERIEMNER (N=713)
Table 5 Results of KMO test and Bartlett
spherical test (N=713)

HAEN AN A T
713 0.89 0

KMO #: 5>

5.2 B ks

6 T, MAEAR R N=713 BF, RSk B 2
AN A B, R R R AR it YRR AIE A 520 BTk R ik
T 95%V) I,

*6 BUIERELEHNEEERMEEE(N=713)
Table 6 Cumulative contribution rates of eigenvalues after

data standardization (N=713)

FUH, % BT R E FHE SR 131
BAT W RS2 B B, N (32 3 _E H MCMC 7
EHN TR

£7 MCMC FAiEXMEFEESHAMITERRE (N=713)
Table 7 Estimated values and deviations of factor model

parameters by MCMC method (N=713)

K B RS ERHM MCMC 4 1A %
All 0. 801 0.787 0.014
A12 0.510 0. 502 0. 008
A21 0.548 0.532 0.016
A22 0. 834 0.829 0. 005
A31 0.835 0.787 0. 048
A32 0. 508 0.518 -0.010
A41 0. 789 0.788 0. 001
A42 0.572 0.591 -0.019
A51 0.738 0.727 0.011
A52 0. 632 0. 603 0. 029
D1l 0. 099 0.129 -0.030
D22 0. 004 0. 030 -0.025
D33 0. 045 0.112 -0. 068
D44 0. 050 0. 030 0. 020
D55 0. 056 0. 108 -0.052

%8 VB HEMEAFEAESHHNGITERKE (N=713)

Table 8 Estimated values and deviations of factor model

HEZN HABAF AL 04 2 4L B Atk parameters by VB method (N=713)
713 0.93  0.97 0.98  0.99 1 K H ERSEAMUMA VB 4 iH& B £
All 0. 801 0.780 0. 021
K 3 v i
5.3 WT-#idikE A f D ekl A12 0.510 0.520 ~-0.010
FH T8 43 DL 5 B 0 T 28000 06 (0T AN BURE, e
A21 0.548 0. 520 0.028
VABLE RIWIREAN T - AR A BRI v, =10,0,=5,
A22 0. 834 0. 794 0. 040
AHTUEM R 5 RIZ8 B, = 14,8, = 15, T Hifi L[4 A Al

o o . i 431 0. 835 0. 829 0. 006

D A ARIE R R oAk As B AR THE,
A32 0. 508 0. 448 0. 060
0.801 0.548 0.835 0.789 0.738
= A41 0.789 0.783 0. 006
0.510 0.834 0.508 0.572 0.632
A42 0.572 0. 546 0. 026

D=diag(0.099 0.004 0.045 0.050 0.056)

Hﬂi'%7\%§8ﬂ‘%ﬂ7£ﬂézlii]\/=7l3Hﬂ‘,MCMCjT‘Hi AS1 0.738 0.715 0.023
FIVB Pt PO SR R 22 wisoy 0 o " "0
PR A0 15/ T 0.1, BAIT T P R 7 5 10 4 4 i 009 0121 w0022

D22 0. 004 0. 099 -0.095

P ESE MR AT 2ZEBE AR AR R, T VB 7k
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40 %

L (K8)

K # ERSEABM VB f& 4 1 %
D33 0. 045 0.112 -0. 068
D44 0. 050 0. 089 -0.039
D55 0. 056 0. 135 -0.079

Ry T ORALE P o B 0 A WS S 2 o 2 G 1 BT R
H ARG F By MCMC J7 ik B8Pk, 23l ELBO [
SRFNWE VB I ik (U SrE:

4 4T YEEAR R N=713 BF, MCMC J5 k102
BoBEEE, WE4(a) F4(c) TLES . EFP %
B AT 1 114 i 2k 1 LTS 30 v 43 A, e A
BT R R A, WK 4(b) (Bl 4(d) ATLLE
B, BT A5 20 A SR A (ECAR VAT 5 A B R (RN ) for
T BRI, BT AR BRI R A

K S 41 T 5FEA R N=713 i}, MCMC 730 H
G, R T oRFE(E S5 M AR S2 55 (I £ 100 1) Z
] P-4 AH Se M, B By 2 FI W MCMC 5 i 9 stk .
A LA BT Az B SR FEAA 22 R0 AR 5 1 A DG
VT ARG K R AT

04 05 06 07 08 09 10 LI 12
(a) E—&4 AN ZEEMHITE

0 2 4 6 g8 xI0°
(b) E—K4E A1l BREZE

-0.25 0.00 0.25 0.50 0.75 1.00 1.25
(¢) E-E&M AR ZEERKITE

A_12

0 2 4 6 8 x103
(d) F&HE AL BEA
B4 MCMC FiEHSHIBERE(N=T713)
Fig.4 Parameter trace plot of MCMC method (N=713)
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(c) E—%HEA12 BAXE (d) FZHKE AL AEXE
B5 MCMC 7= BHEXE(N=713)

Fig. 5 Autocorrelation plot of MCMC method (N=713)
L55 LIRPIRREIE , Al LA MCMC J7 k2 s

XHORIIE T PP AR 2 BERAHER T IR BRI

FeAEHudl http . //journal. ctbu. edu. en/zr/ch/index. aspx



FUE, % ETREASI I EFHEA S BT 133

K6 45 T MEEARE N=713 I, VB J7i% ) ELBO
Kl H RS2 E VB kil st nTLLE 2. B 1%
FRUKCR TS A, A8 4> R - ELBO 76 A Wi e 8, F 52
R VB i RIS

x10?
-36 1

-38 1

ELBO

0 2 4 6 8 10 12 14 X0
AR EL
El 6 VB 7&K ELBO B(N=713)
Fig. 6 ELBO plot of VB method (N=713)

M 9 A1 X N=713 I} ,MCMC J7¥E /1 VB Jr ik
FIB AT R FIREADLZE SR —FF | VB J7 ¥ 47 By I [A] 22 11
MCMC J5 8, YAEAS i AN W R 3K — I 1] 22 R
U, K VB 5 IR RAE TR A 2
i ra]

&9 MCMC 7% VB 77 iEISITR E (N=713)
Table 9 Running times of MCMC method and
VB method (N=713)

L. MCMC 7 i # VB % ik #3847
HAEN ) i i
EATHE E] /s B 1) /s
713 356 48. 55

6 it

BT o B AL Y 4 RN R R R
1T O B SCHRBIE 5T, & B T A B T3z 1o FH - I
M-rgeit A5 B RE AT AR A SRR S
SR A I RO A AR Y AT UL PR RO B
oy — A BRI RS

SRIG A FAS 43 DU (VB) 732, % 7 IR M F5 5
ST B A MRS HEAT TR SRR A T, Herh
VB Jr ekl FHAR AR b A2 53 HEWT (CAVI) B33 0 S 40k
TR, 5 MCMC J7 ki A T Fe A, i 2 Bl A LS4
R T SEEA R 300 B, VB JrEEfl MCMC J5 20
BePE, 25 ELBO BT T VB ik stk , 4l =
OB B E | F A CEHIBE T MCMC 5 35 AU stk | 4R

i FRU0 P 1 3 S {2 ) 1 i 2 0 R R 7 3 R B3R
T I AU AT LR 21 . R 5 R WS, A 22 1Y
A NHEI/NT 0.1 B2 VB FEfefbiibR i 152 2
FE B AT A] BT MCMC J7 36, 4% e Y REA 75
HARKES, VB 7k AT i

e XPREA L 713 B A SEPR B SE AT T SEE
M. SEFER 5 MCMC J5 A e, 28 40 U1 38 7 vk
AT LA 00 PR 40 B A 70 56 43 A RO TR o
S BORE, VB 53k 3 MES . i T VB
T A W R E ARG 5 A B B R AR
I ; T VB kT — R R, A A AR
KB, Haz 47 B ] 2 /N T MCMC k5 Miz 348 5ok
&, VB Ir AT LT MCMC i,

BEXT VB Jrid, 45 TR AT DA% A AR SCAY R K
TRIERE L FRFTEICHE (1 5 R i 2 LA R AR e R R ) R
T HE— 254 T P o AR 2R ) 1
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