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Abstract: Objective This paper aimed to find a method to improve the convergence speed of nonparametric estimation for
the probability density function of a univariate random variable. Methods By combining parameter estimation and
nonparametric estimation with weighting, a semiparametric estimation method based on regular penalty was proposed. In
this method, a parameter model was assumed to obtain its corresponding parameter estimation. Nonparametric estimation
was computed using kernel methods. A weight was then obtained through empirical likelihood loss with a regular penalty or
integral square loss. Based on this weight, the proposed semiparametric estimation based on regular penalty was obtained
by combining the parameter estimation with nonparametric estimation. Results Asymptotic theoretical properties show that
the proposed semiparametric estimation method based on regular penalty combines the advantages of parameter estimation
and nonparametric estimation. It converges in any case without relying on any model assumption, and when the parameter

model assumption is correct, the weight tends toward the parameter estimation, resulting in the same convergence speed as
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the parameter estimation; otherwise, it tends toward the nonparametric estimation, with consistent convergence speed as

nonparametric estimation. Numerical simulation experiments show that when the data satisfy the parameter model

assumption, the weight of the penalized semi-parametric density estimation method tends toward the parameter estimation,

consistent with the theoretical results; when the data do not satisfy the parameter model assumption, the weight of the

proposed semi-parametric estimation tends toward the nonparametric estimation, also consistent with the theoretical

results. Finally, this method was applied to precipitation data in Chongqging to study the distribution of monthly

precipitation. Conclusion The results of the case study show that the proposed semiparametric density estimation method

based on the regular penalty is smoother compared with nonparametric estimation, and fits better compared with parameter

estimation, thus validating the rationality of this method.

Keywords: density function estimation; parameter estimation; nonparametric estimation; weighting; regular penalty

1 5 &

Gt o b 0y — > 2 )R R B A T, B
XF T TR S5 R Ak D SE B v iV 22 1) R A R R
R, A SCH FEH AT — > — oLz
X LR R S (x) o SIS BT SRk
AR IR AT AT R R 2 B A o3 A AR5 AR A AR
IR AR TEAE Dy R A 28 A B B Y ARy
A EEZ R AT WSCHR [ 1], YR A 2 8 R RSz )
HAGTHAS S BE Ry ™" SR A AR R B ST I 3%
A EETRR RS B W S EASTHR T REA 28, H
e HAlT, A S H 1 FOREE S A B g A O T
AEATRIRIR B, — > 6 Y RS El Ok w2
1% FE A5 71 ( Kernel Density Estimation, KDE) , 1% 7 i
& Silverman BHIX3E L B9 . CEAEYES B TR,
HFERE 7 ARG 4 oy A o A5 % D O T #OR T
FHEON A B A AN IR A A R AR 3R, B A
(1, FETF IR I] S SGH B 2k

N T AR E AT A IS B Olkin 55 42
T A ES O

£,(0)= uf () +(1=0)f, (x)

Hopwe [0,1]2—MARMPAE, [, 2SEAhTT./,
ARG, AR UL B RS TR ALK T
BRI E S BONAG T v, SCHR[ 14 ] v e B 45
Hh B AR B 25 1 ST, TR 4 2 2 OB R AR i T
F, B Al A R 2 P (= 1) B A S 1 1
T 1, 2 P (w=0)ET 1,

XA 456 T ZHCMAE S EU TR A
It A K SE 2 A ), SR T i, SR, 78 S PR
B A% AL T O AR AR S A T B il
PG UG FEAS AL B R BB DN S A5 R,
15 Bl S E0E A B T B AR SR T 2 5 AR
P BRBOTR 731 DL T ATHER Fe S B0Al T 19 Ok s il
PR AYACE o BEAR /DN, 33X A1 B0 B4 19 BUE 1) 5 m]

DLER 4 TR 1, XS HENE HUNAROR P , i X
ASINAT T A8 SR Hp R AR D 1 SR

TG, Ak T Olkin Al Clifford /97
LB T A IR AR A 2 S 8 T O v 1O
T A — A 1 D AT R i T A A R il LR
SIS —B, AN, A TS TR T
O HETERE A B T J0 55 I 0 2 IR I, O o B f
BT T 9030, S 3 A iE— B Ui B Tz ik &
BLILSo
2 Jj ik

WX Je X W —dL Sy R A ke A 150, % 8
HBH AT, BOEREHLAE R X RIS E A5 2505
A f(x;0) , P SH0 0 AT EAG T, A SGHE K
IR LS5 0, RD

0 =arg;nian(Xi;0)
il

TS B AR B BRI £, () = (03 0) 585, T

FRHARS AT, A SO R Bk AT AR
ZAGHR Y .
1 (X,—=«x
R i)

Horr K () SRR B R R SE . 0 T Bk AES A
FR A LA AR AR SO HE I —A> IR AR 48
H T B RAG TASCER A9 45 O BREC, — AR N 22 5 (SR
Tk R, B

L) = =1 S logu(X) + (1 =w)f, (X)) +

AL = w)df
Hop,d, 2SI A EE, A, >0 ZIEM S48, Xt
TAZEEEAG TR UL, AR SCRR [ 15 ] WM d, =K (0) /h,
I3 — A2 R O AR AR AR 3 o7 U7 iR 22 (Integrated
Squared Error, ISE) 51,

FeAEHudl http . //journal. ctbu. edu. en/zr/ch/index. aspx



83 ERIHAZER(E AFEH)

%40 %

L(f()) = | (1) =f(0))* = [ Pl -

2j/<x)f0(x>dx N f/ff)(x)dx
b, ZCR, VEREEI AT =R A B, G 1k
T e, I 5 R0 B 02K 50—
bR BLAC0 ] RUEAT LA S 57X /n R
e BN, A T AR S R L
L) = [ Dufy(e) + (1= w)f, ()] d -

=3 LX) + (1= w)f, (X)] +

A (1 - w)d,
/MK Ly (0) B Ly (w0) BB B4 o,
FROAE BB T A5 B0 A ST 1 1 £ 3
f(x)=if, (x)+(1=i0)f,, (x)
3 MwMR
3.1 fi'9don

— V. . a"
a,~b, XREI a, b, B, BN lim bf=c,07éc<

. a, .
w;a, =0 (b,) #~ lim bf=0;an=0(bn)%:z/j<

}Lrg la,/b,|<c;a,= 0,(b,) %%}LIEP,( la,/b,|<c)—
1, i O<c<oo 5 || 0 || Fmm i 0 IERCTEEL, LAk,
ARSC R R 43 T 15 25 400 O Ak A v 1 B, X
TSR A BT 0] 225 SCHR [ 14 ] A B 2K
UEUE B, 7E AN PR
3.2 fRiksM:

M1 Xe 2 RBE f(x) TEEIN 2 AR
H £ (x) A1,

k2 ST R B K( - ) LTI
SEXTRRAY

a3 WA RS AT, BD £y (2) = f(x56,) , I
[ 91 (x500) T (x36,) de<oo, ol Vf (x5 6,) =
f(x;0)

K P
M4 EXTAEEMN 00O f,(x) #f(x;0) 4

infy o [ [f(x30)~f,(x)12dx =8, 1, 2 noo I,

3
4
811—>0 g 511_}w o

1 M mE&H 2 ARSI bW
LA, BN SCEk 12-13], 454 3 Ui T S50 — B

SR TRV, 6 25 000 53 A A0 6 R A M Ak
Gl 4l T B 2 KUV S OB R R
A, B 2 M 83y L 0 S0 R R KB g
7 AR L AREG
3.3 WL

I B | ZAAME 3 RS, Y A~ b=
h,, i, 2=R,h,, n'? 4 2=[a,b] Jh,, < n ',
limP, (i0=1)= 1,10 Ly, (f(x))=0,(n"")

UEW) 5% 1 S B TS

Lis(f(x)) = | [f(x30) = f(560,)] " =

[ LV "Axs6,) (0 = 6,) +o( 116 -6, 17) 1 %dx =

(6 -0)"[] Vfxsb,) Vst )] (0 -0)) +

o6 =0,11")<CI6-6,]%=0,(n")
H C>0 Z2—MHHL H A FXERYE Taylor J&
TEAF BN A S AR AR 25 3 15300, 5 — 14X
SEARYE S EAG T B W I AR B IR R N
ALSCHR 1]

T35, % SR R A T A SR B, T XS
TE S S A% B A A AE 3 FLALN ( Boundary
Correction) , ELAR] WLSCRK[ 16 ], BT LA, A SC43 A A 15 140
WHRAZ S B AL B WS

M 2=R B K( - ) FE R EXFR, X AL R

ELf, ()] = Eu > K(X h"‘) } - EUK(X =) J _
K A du = [ K@) A o =

h
jRK(y) Uy(x) +f"o(x)oh] du +
jRK(y) [F70(x) (vh)>/2 + o(h?) 1 du =

f”(’(;)'(zhz +o(h?)

So(x) +

Hr k, = f u'K(w)du 3¢ HAR BB <, =1,

() - e

thK%)fo(x +oh)dv = vohfy(x) +o(h?)

St v, = [ WK (u) du o B

o
VJMWH=%L;2K(‘ ”:

h

FeAEHudl http . //journal. ctbu. edu. en/zr/ch/index. aspx



T, 4 T I B 1 02k 5 8 B4 O o %9

150 -
el 5o ) -

#{Uohfo(x) +o(h*) - KE? [f,,(x) ] b=

o
ES]lig

ElLi (£, ()= E[[ (1,(x) ~fy0)) x| =
JLEU (0 = fi(0)] e =
ijm. [, ()] + B2 [f, (x) = fy(x)] dw =

o(x)vo "o(x) K, ) : 1 4\ _
fR: " +{f 5 h}}dx+o(nh+h)_
AL o0 df
nh 4
M = h,, = GV (] () 12} o
Llsr:(fnp(x) )= 0,,( n74/5) o
M 2ela,b] W, W K( - )FE[-1,1] EXFRR, It
B 4 T SRR v e [a+h,b=h] f, (x) FFRHR
‘ﬁﬁﬁﬁ e, MiXtTFihRExe[a,ath), AR—
P, % x=a+rh,re[0,1), 8

Elf,(x)]= E[K(Xh x) } =
e

f_,K(U) [folx) +fo(x)hv] do +

1
ht o+ (—+h4)
“\nh

n

-1/5 ETJ—

)fo w)du =

[ K@) 1y ()72 + 0 (h) Vo =

(1 = ko(r) ) fo(x) + he,(r)f o (x) +
hz(Kz =Ky (r) ) (%) /2 + O(hz)

Hr ) w,(r) =fu11<(u>duo

Vo lf, (%) 1=
el ] A
1

EU:KZ(”) [fo(x) +0(1)] du} B

[1 = k()] /"(x) +o(h)

n

(v, - Uori}’;))fo(x) .\ 0(:71)

Hr v,(r) =f‘uZK2(u)du o DLHET, T

Elf,(x) = fy(x)]17 =
Vo /()1 + E*[f, (x) = fy(x)]=
[ko(r)1%fi(x) + O(n]ih + h) —0
I A% 25 FE AR e M B B, O T IRIEAS TR ARG
P, T LA X AE S HEATE . f,, (x) = £, (x)/1-
ko(r)o X Fxe(b-h,h],% x=b-rh,re[0,1),0]L)
(EE S DNibES
E[ﬁ,ﬁ(x) 1= (1_Ko<r) )fo(x) _hK1<r)f,o(x) +
h*(ky =y (r) ) "o(x) /240 (h*)
_ ('U()_‘Uo(r))fo<x)i 1
V(0 ]= D )
ZERTR X TR B AT A R
H 1=k, (r) W 2Z , R AT LIXT B REGEATIBIE, BT
Gi—BANXEEPIER, Y r=1 8,2 k,(r)=0,N7Ex e
[a,b] ERRZE A THEIE N

N ACS
L=

MEE £, (x) RARAHY AT
E [LISE(}np(x) )1 =fiE []}np(x) - f(x)]%dx =

+ B[S, (x)

b(V fo(x
Moo )] fe =

(774t
[1-ky(r)]°
U +f *f}E [/, (x) = fo(x) ] dx =

[vo = vo(r)] ki(r)C,(h)
+ +
nhll = ky(r)]1?  [1-ke(r)]°
hw,(r) [k, = k,(r) ] C,(h) + O(L + h3)
[1-ko(r)]?
Hep S F r=1,0,(r)=0,F

cm={[" 4 F o

e = {7 = hreornoda
MG S5 1, AR — T 5 €, (h) = 0(h),
Cz<h>:0(h>o F)fu,‘i'[ h:huplocn_l/4 HTJ"LISE(}‘ILP('%)):

FeAEHudl http . //journal. ctbu. edu. en/zr/ch/index. aspx



90 ERIHAZER(E AFEH)

%40 %

0,(n), X T
Lisep(0) = Ly (fnp( x))+A, df_CfO

Ligp(1)= Llsn(f,,<x) ) _C/U
Hob, €, = [ (0 12de o BRI, 42 MR8 1

z

S, HIERAEFT S E0E R A, ~n™' B, imP, | L, (1) <
Tp(0) | = 1, WHL R limP, (o= 1) = 1, L, (f (%)) =
LISE(fP(x>)=Op(n_])o

UEEE

SERR 2 USRS 2 DAKCRAE 4 BT, Y
A, =0(8,n7") \h=h,, Bt # 2=R,h, ocn " H5 2=
[a,b] ,hUPtOCn_M;limPr(w:O): 1, 3 H e it

L= ) R
se\JAX) )= 0/)(n73/4) 2=a,b]

WERH RSB 1 A UE B AR T Y 2 =R A,
Gia(0)=0,(n")+A,d=C; s34 2= [a,b] Ly (0)=
0,(n) +A,d,~C, o XRG4 AT L, (1) =
L (f,(x)) =8, , Hh n¥*6,—w , #2451, =0(5,n""")
i, limP, (0=0)= 1,

R,

4 BB
4.1 IEWISE A, DAL h ke

FESERR B, 95 PS80 e 2, B IE U 280
A, VKB TE he IEMIS AT DL 4 IR A% 52 10 28 LRI
SEAHE PRI TR B, (HTE AR SC A B AR 48N S 5]
SAMTHR TR B E A, =1n n/n, BT
h , AR Sheather—Jones J5 i ¥E £, W SCHk[ 17 ],
R A B A 5 f51) - 22 B« 33 25 38 1 1 D) 2 B Ry
e B AT A AR,

4.2 BAI

R T B UEZ T R A T ROR A SCH RO
T 4 BT IO, AR AL 1T (KDE) (S8l
TH(MLE) .Olkin 1 Clifford 4 A7 78 51 B4 21 2 B0l 9%
J5 15 (MLE. sp) LA K SC# vh B4 Hh A9 2 45501 A9 2 2 8K
f3177 8 (MLEP. sp #l ISEP. sp) . % T34k 56
a7, R T IR AN B IS0 =040 L 4
oA 3 FhvE UL 43 A VR R #8280 iRk, A
ST EAEH R A A R ER density () 47
flit], % B SE bw="SJ]” Bl 0] I ] Sheather—Jones 1E+%
WS, BEAh, o T RO [R5 B Ak O ik i
RE, {1 1 P b 4 2% R B BR3P R 22 (ISE)

Hellinger 25 (HD ) 3k FLA At RO
Cualf(x) o)) = [ {f(x) = fo()} 2o

Cun(f() o)) = | 1FC) = (o) }

2

FIELLT 4 FhopA: (1) IEE2 G N(0.5,1)5(2)
FEEU A Exp(1) 3 (3) IRABIES A N(0,1) * (5_,+
8,)/2;(4)FHAF /R Weibull(1,1.5) , Hhh 6, B7E a
SOBIEI I R AL, + FRoR BB, LA H R
RAESHRAL R B b, 53 SRR 8 T 2 5o AU R
W, b A (3) R RE R AE SCik [ 18] v, Bk, 4
il T3 4 oA P REAR 5 B sR A 2, an &l 1 B,

- N(0,1 )*(82+872)/2
0.4 -
03 r
=
< i .:‘-.
/ N f SN
X
0.0 F w—"l ---‘I ‘ | I.j:::::m ‘
-4 -2 0 2 4
x
(a) EXNHEREGESSH
Lo - - Exp(0.5)
T Weibull(1.5,1)
08 | !

02

0.0 k! S,

(b) ML HEFHRIHE
B AR RS 2

Fig. 1 The curves of the probability density function

X TR, % FEREA R n=100,n=200 FiF1E
B AR S 500 K, BULBIME ( Gy F1 Gy )
PrifEZE I

XEFRTPIR A, AR 1 AR 2 o, B
X S BT e, IRl LUy TR
AL A Z RS T BA AP IR B, EATH Gy H
Gy TEFTATEBU T #BRdR/ NY, AESAG TRV IR 20K
SRINT , PLERHRAT BT % MLE. sp B8 AR - (E 04K

FeAEHudl http . //journal. ctbu. edu. en/zr/ch/index. aspx



%24

W, % AT ENER W 58087 %

91

N JE T IE 25 43 A7 o U, 3 5 B8 T AR 7 Ji 5 It
iF, AR SCATE AP AR ST A9 MLEP. sp Al ISEP. sp B T

=1
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X TR TR A AR 3 Sk 4 o, BT # T 8E /NAACE X e 2R 2 i FAE —FE I

K HIRA BIIES AR FE A /R A, AN e S ER % ik
FYIER IR (¢ o340 LR B Aok, R e S8tk
TR A ES T RRIE G, KBGO T S0k
x3

Table 3 Results of mix—normal distribution data
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KDE
MLE
MLE. sp
MLEP. sp
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0.617(0. 345)
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0.617(0. 345)
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1.812(0.917)
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Table 4 Results of Weibull distribution data
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8. 143(1.559)
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