2021 412 A
Dec. 2021

%38 5% 6 M
Vol. 38 No. 6

FRIHRFFH(OARAFMR)
J Chongqing Technol & Business Univ(Nat Sci Ed)

doi;10. 16055/j. issn. 1672-058X. 2021. 0006. 011

BILE M TENJLMBEXKBETERENR"

kTS
(FERTRIRF For 555155, K 400067)

 E.MARS T RRME RS RS AR A0 A, B o R R oy AR AR R 4G K AR AR
o MU o 7 AR AR A R 0 R+ o B ARy . TRATATIEJUH R ARG AT AR FHA—RMM S T
Fog K7 ok 3BT KNS 7 REALM G 7 ok B A BER . 116 T KR o 7 R EAE R0 7 ik
PP Euler—Maruyama 7 #%  Milstein 7 #% #= Runge—Kutta 7 % , 7 & B JUANNE41 A T £ KRB A BiEsh Hom T
KA AU 5 7 A2 69 45 o R 55 o MR o 7 ARG AR AR 0 R B 4L, 1B SLAR T R B BB 77 ik 0 KR 45 R A KA
fit 5 Ah A fR 60 iR £ AR B R 45 R & A Milstein 7 i #= Runge—Kutta 7 % #9 214 f# tt Euler—Maruyama 7 3%

T A XM 203 AT R — B IR A AT AU R AR KRR Ty ik 0 R B — A 4R

KSR AALE o T A2 4 E 77 % ; Euler—Maruyama 7 7% ; Milstein 7 3% ; Runge—Kutta 7 %

FESZES G420 XHERPRERD A

0 5

T

UL AE LUK BEALEC A AL B BT 5 7EAR 22 Bk
EEFXC AR T R EEAMAR S &, W5l TR
HEWE PR S F RO A T, BEALEC - R
B R Ay 35 B e it 159 3 7 P i) &
&, BT, BEYLECH RIS E C 20 i
BB AR IR T 10 2 —, SRR 24
ITHCANRE PRI 2= G R0 [ G 92 0 % By, 1 R ik
o SESTV-A TR G B UE S CIERa R S o0y
B AURH SR FH AT TAE

FEAILH 12053 77 #2 ( Stochastic Ordinary Differential
Equation, fii5 4 SODE ) &t JL 14 3k A 24 5E i1 4
M1 %2R, S M A8 5 % e J7 #2 (Ordinary

%5 H #7:2020-10-28 ;&[5 H #7:2020-11-30.

XEHS:1672-058X(2021)06-0082-07

Differential Equation, fij5 & ODE) #H%5 & 1) =4,
H H AR Z PSS (o) 4828 T 20 4D 40 4F
RABISEFEHLAR S (Tto B3 ) LUK | BEBLI 73 7 AR R
)Tz B 4 2 | H AR BRI TR EOR S
AR Z R0k, an e iy Ui | Bk R Ak AL R AT
IITTRENZ DAR S ITA et /B it (o= o 707 U wic AR
ANt E PR AL R A TS T BEALE AR 1Y) % e ik
5 Markos™™ 118 T BHAHLAHIAI AL Allen—Cahn 1)1
I DU IR G385 i e T B ML A
FRAHE T DL S E R e Moo T R DG R . (HSK Bl
ML T RS A i 00 2 DRI XEE 1, PR I A SO
TP SR A B ML o3 7 BB i TR ) 907k, OF
Joj FH S A S ik L3 TUANEREL T v LS

Se N G50 7 R A AT AR P SR A H A T
TE G TR LR 28 ML BB A i B 1%

* BETWE . FHR AR H (KJ1400602 , KJQN201800818 ) 5 H JK T K2FHH 2+ R MR H (2019223).
EEBN M (1979—) , &, INEFLAN, B4, Bz, L4 SIH N0 5 1 BUE e i iFoE.



%6 M

R WAL S 7 AR B LAY B R AR T ik RO R A 83

P B BB 7 ¥ . = B Runge — Kutta 23 2 1 7Y By
Runge—Kutta 222, F1-2% 5] i 2 /] RRALXT LU 108G 0 %
(BT AR ) FOAR B 0 R A% 5 SR 05 N Tre BEAL B>
TR R A K 24 B B R R T AR R A B i
BEENE T B AL T 70 R 0 i ARAH iy 1) S
(deterministic ) F 1053 77 RN B A 04 22 501 5 e 0 4 1
TRAHLE o 7 BRI 3 R EUE SR MR k) Euler—
Maruyama J7 3% | Milstein /5 % Fl Runge — Kutta J7
2, P2 B RS TR R AT BRIz 3 T Y 3 AP EUE
TSR A4 3

1 BMIATRENEERZX

TEA BRI GT T7 TR A AT e SR A, P-4 2
AR AELR 8 7
1.1 fRFE

17 28R, A=) AR B35 R AR A R 8
I EHE T, s R A T K2
BOFZAT— TR #0550 5 TR 5 5 B2 1 i T A
CREBfAR ), DT ] 2 ik e Pl o 2 R T 42 (1 )
FRLERFN ARG B S TR I 5 ThG s 5 s
T — RN B, Han— B o R

(1) éfaéﬁ%ﬁﬁ%:ﬂmgm;

(2) LAEMATTRY =P () y+0(x)

(3) 16 AT M(x,y) de+N(x,y) dy=0,
WA B RN TR
dv d"'w

de" de"!
A B T A AR AR T
1.2 HEMHE
RS2, BT 18 4D 60 AFAR, B0 ZA 1 =il
B4 K 2B 1 o3 T B = JC VR SR AR BT 1Y £ B i
(), TR AATA B WA S 55 S —A 1 BRI 5T
o I R, RVECE %, & oA iy, Hor,
Fii B85 SRR AR B SR A 7 T el T AR
TAE, 1768 4F  BRAA X H BRizs A7 88 1) 2 E i
TR TRz N TR A T R AIE
IR B ) 77 125, BV AT R BRI Y Euler (KR

+---+an71%+a”x =f(t)

$0) D, — B E o R R 7 vk 32 A i
BIRRAT 7 % -
Yot =Y t0f(x,,y,) , n=0,1,2 -
Iv] 5 AR RR AL 7 i
Yorr =Yuthf (%, 3,00 ), n=0,1,2,--
WCHE A R 5 15 -
Yort =Y thf(x,,,)

h _
y/z+l :yn+7|:f(xn ’yn ) +f<x/1,+l ’y/l+1 ) ]

oy e A WL 5 12 A il DR S s T e o B
I

Euler 77155 23R A W00 7 RE49) (8L ) A8 ) i 1
FARETT % B BB i A, 16 BRI 1] 5 4 G
TR — A E , At ) RRCRE 7 3 RS 2 B AR 4
[ 2 T 1 (500 e =R/ U R N L1 S - 5
WIS, T, 76 1895 4F, 18 [ 4°% 5 Runge
TE SR WICHE DT 122 550l b 3 T R 0o 7 R A
fifp ), W SCEE BT R E KR SR R R o) O AR
Runge—Kutta J7 3% 0 FF i, 765 18000 5 R 80E T 1%
e FHA BB X, Runge—Kutta 77 EAEA
SLZ I IFARIBRISE R, Ja ok N g R ka2
AR IR B A 8 A, BRI A =B

Runge—Kutta NG

h
yn+1 :yn+€< kl +4k2+k3 )
kl :f(xn ’yn)

h h
b=/, b iyt 2k,

k3 :f( xn +h ’yn _hkl +2h’k2 )
VU Runge—Kutta A7

Vs :yn+%( ky+2k,+2k, +k4) s
kl :f(xn ’yn)

h h
b= f ety )

h h
k3 :f('xn+77yn+?k2)

ky=f(x,+h,y,+hks)
KT HAR T B Ir B BUE A i, IR TR IR A
PR EATE LTSI




84 ERIMAFFR(OEARER)

%38 %

1.3 MAkE
I T3 530 P 1 RS R D7 | TSGR R 5 12
— B Runge—Kutta 2221 U B Runge —Kutta 23 3%k
(BN Ty
y' =0y ~ay,
y(0)=1,
RORAASE S0 I B 8 e A R T Ak
FEFFR LRI T, DT A ] 8 0% 5y vk vl LAAS
B J7 R fE R

SOES|

1
oy
1F L0, 1) B BRI R0 46 A5 F IR B i Ry
1

Sl

AL 0 A RT DL HE T ] i 8 B D7 s (
K1 (a) ) ARk AL 5 125 (181 1 (b)) 3K Hh i Bl
% S5¥EH0f% ( The exact solution) BYIRZER K, M=
B Runge—Kutta 233 (1 (c) ) FIPUEY Runge—Kutta
AT (d) ) SR BB i 50K e 10 158 22 85
/N, JEHIE PO By Runge — Kutta 23 20K H A BUE R 5
o LT 28 2 ES M (K 1(d)), XS E 4
A5 BISTRSEA—E ,

y:

— — - Euler
—— The exact solution|

0 0.1 02 03 04 05 0.6 0.7 0.8 09 1

(a) @ BTHYBRHL 75 7%

—e— Modified Euler
0.95 | —— The exact solution|

0.9+
= 0.85+
0.8}

0.75 }

0.7

0 0.1 02 03 04 05 0.6 0.7 0.8 09 1

(b) B3t B9 BR KL 77 7%

—-—--Third order Runge—Kutt:
0.95 The exact solution

0.9

= 0.85

0.75 t

0.7

0 0.1 02 03 04 05 0.6 0.7 0.8 09 1
x

(¢) =K Runge-Kutta 22X /5%

- Fourth order Runge—Kutta|
0.95 The exact solution

0.9
=~ 0.85
0.8

0.75

0.7

0O 01 02 03 04 05 06 07 08 09 1
x

(d) K Runge-Kutta AR 77 3%
E1 EMOSAREN4FHBESE
Fig.1 Four numerical methods of ordinary

differential equation
2 BB TTAE

FERAG Tto BENLIA S J7 BRI 7 A= FoR 8
TEAN [R5 WA S 200 BEALH 1570 T R RN o Ve
o5 R B A A IX 3
2.1 Two BEHLRESY R

4 220 Wk — 26 LU R VB B R ) PR 2R, R A P
o AR SR A AR BLS B BE , SRR
BB R RA S AR, BT, BEE = A
BLE P AE FOS B A 5 B TR A, DA A AR IR 4
IR AR R P2 R A 4, 20 T 7% RIS L R 2%
AR 2= o FEE F AT B W IR ) bl
BILPR ZE A AS 2 Ko 1 A R A 7 I B 1 — > b
Fo, AR Z GO0 TR S e T R R A AR LA 1
WTEATT, TRME TR — T H, B5A0]
W 72 4w 1 Bt BT PR 3R 40— A b B AL A% o, B HIL R
3R I B B 5T R BCME B 98 s S A T T
1951 4, HARBA K o KR T 5 MEEAHE R



% 6

B o ML W 7 AR LAY BB K AR 7 ok RO 85

KTBEL T RIS SC, B LA A T XFRaL
Sy =S W & PN
3| A Wiener 1 F2 102 X2

EX 1 R AAEBEVLERE W - ) WET
G 3 %A
1H)W(0)=0;

2) XA O<s<t, ¥4 W(1)-W(s) BN SHi
N(O,t-s);

3) XA 0<t, <t,<--<t,, BEHLAS T W (t,),
W(t,)=W(t,), -, W(t,)=W(t, ) #FeHE b7
B, FRBEALE R W( - )5 Wiener 12,

JE Wiener 13 #2 FISCISAHAT , (H & H 2N B AL
11 Wiz 2 i BAR AL 32 0R ) AT AR iy 2 A B
1930 4=, Uhlenbeck F1 Ornsteinv M\ A= 7 2% %) £ BE
RY MR R T A iz v 3 112738

Phy(t) R4 Wiz sh iR 7E BT 2 ¢ (1) 3
FE m FoRpi 1B, AP E A, AT LAS E)
Fﬁ*ﬁ:

dy(t)=-By(t)dt+adW (1) (1)

X, -8 NIEBRE, o MY BERE, W)W
J& Wiener 1372,

Hr C AR R v, R (1) TR R R R
.

y(1) =, = [ Br(ods + [ aaw(s)

4 P~y (1) KT A5 132 5 B T 2
Jele ¢ L) TR o BEHLEL 7
v =3+ [ () ds + [ gl ()W (s)

H S BN

dy(6)=(1,y(1))dewg(1,7(0)dW(1)  (2)

B T 1o BEALBOA R, 45512 g =0
i 30C2) B T B ORI U S5
By, T DL R BEBLA) . H T, o AL
O AR S HE A O R — M
B0 M BTN 1 B
2.2 ZfGIxtEL

T GRT AT E SR T
16 BEBLAF 043 7 B0 0 A0 2
SRR W) X A2,

dy(t)=-ry(t)dt+aydW(1) (3)

y(0)=1
Hp rflo HIEFH, AEXBER r=0=1, %
BEAILI S 5 R HLE R AU 551 v (0) = 1 IFRHIT A Ry

—r—%az) t+o W,

= el
y=e
BEN L7 RE(3) R A E 1 ol I e

Lé;) =-ry(1)

ol RWIIR 55 A v (0) = 1 (fEBT#
y=e™

SRR T A] ¢ i) — AR E e

FER 2 (a) A1 2 (b) HaT LA 2, 76 12 25 4 A B
12 3] ( Brownian motion ) B B #ll Wiener i3 2 19 5%
T, BEHLGL 5 77 B2 (SODE ) A4 ff fift 78 X 18] [ 0,3 ]
RS T AR B R SE PR G0 J7 B (ODE ) ARG
W, T ATIE () K, X 6] 1 B
B,

— = - Brownian motion
DN —— ODE

05[ , \TDE
7\ ‘\ n

R

1.5 2 25 3 35 4 45 5

‘
(a) #RBRIE BN 1 HO RSN

1 . . . . - -

= = : Brownian motion
F —— ODE 1
0.5] . ~ ——SODE

-25

0 05 1 15 2 25 3 35 4 45 5

t
(b)7r BRIE 3 2 K320
2 Itd BEHLE 14 77 72 ( SODE ) A48 KL i # 22 1
#144> 72 ( ODE) K& #aff
Fig.2 The exact solutions of stochastic ordinary
differential equation and corresponding deterministic

ordinary differential equation



86 ERIMAFFR(OEARER)

%38 %

3 MENRS TRNEBETE

FEIX — 7 H S A LR 2 B 0 R R REAIL G 7
P BUE 775
3.1 JLHEERE

Euler—Maruyama 7735 ;1955 4, Maruyama 74
SRR ( Euler) J7 B BUE B 58 T BB G053 J5
X (2) By i, ROXT IS [ X TR] [0, 7] #E 47 B R

0=t <t, <<t <ty=T HK At=%,)ﬂ“]

Yorr =Yt (y,) At+g(y,)A W, (4)

He Aw, =W, -W, FomE XEXE 1, ,1,,, ]
A Wiener 2 B AYIG EE JE IR N (0, Ae) 43 (4 AH
HAST R BEALAS B i WA R SR IS A
0.5,

Milstein J7 %1974 4, Milstein 25 ) T 2K fif Fiti
BLE o 7 R 2X (3) 9 EA — B s IS Milstein
Tk R

Yorr =Yt (y,) At+g(y, ) A W, +
Se(3)e' () [ (AW,)-Ar]

Runge—Kutta /7% ;1982 4, Riimelin # Runge—
Kutta 759 K IR0 7 e M3 1R i x8(3)
B — B s S S A4 B HL Runge — Kutta J7 35, Hi— A%
S

Y. =y, +Atz al}];(Yj) + 2 bijJ]g(Yj)
. j=1

j=1
i=1,2,s

s

et =V, F ALY, @ f(Y) + Yy, Jig(Y)
j=1

j=1

X H s J& Runge - Kutta 7‘7‘{9}[@[‘]?&@(,}( y,) =
S =3 a(r) g (3,) J BRI N0, A0) 4245 0B
3.2 RIALH

N AL E A 3 R B R g 4
RULEL, HIEWTREHLR TR

dy:—%de( 1-y*)dW, s)
(0)=0

BEHLL o J5 A3 (5) Bl 2 0 B A% 1 9 RS

fift M
y=sin W,

7EX B, B2 ] Euler—Maruyama J7 B 50 {E 5K
fBERL I oy J7 R 3 (5) B 5wk, HoAth T Aob T 2 4B
(CEN

Euler—Maruyama 5.3 .

HEy,,n=0,1,2 - F

Vst =¥ —%%AH( 1-y,)A W,

— = : Brownian motion
—— The exact solution
1.5+ — Euler*Maruyamal 4]
. n —e— Milstein ! Y
e » —sa&— Runge—Kutta '

0 05 1 15 2 25 3 35

4 45 5

(a) A BAIEEN 1| TEEMRAILLER

2 - -
— — -Brownian motion
— The exact solution ‘
15 +E1{lerfM;1n1)';11]1a“ N
*~ |—&—Milstein ¥ v
— ’ L Wed AY
—a— Runge—Kutta 'Ry
1V 1 '
1t v \

0 05 1 15 2 25 3 35 4 45 5

2
"
1\
1.5 R o
o \
", \ r/
1 - \ “

— — "Brownian motion
— The exact solution
=== Euler—Maruyama
—e— Milstein

—=&— Runge—Kutta

0 05 1 15 2 25 3 35 4 45 5

t
(c)fmBEmh 3 THIEMAILLE



%6 F Mok WLH oo 7 A2 B LAY BB SR AR 7 ok RO R A 87
2 — — - Brownian motion %*ﬂjﬁaﬂ@?ﬁxﬁﬁi%ﬁ*ﬁgﬁ E(J ;33 uﬁi‘l 5 EE.i)ﬁ éﬁ Hj T Izﬁ
— The exact solution N
1.5 [ Zg— Euler-Maruyama ! HLH 32> O R B 3 A BC(E SR i J7 5 Euler -

—&— Runge—Kutta r

4 45 5
(d)FBRIEEN 4 THERRRILLR
3 BN AENBETESERBENLR
Fig.3 The comparison of three numerical methods and

the exact solution of SODE

HA AW, =z, /At ,z, 7] LAUIE o 12 5310 A
(#£ MATLAB ",z A] LLiE 33 74 randn A5 %) 3 25
s L, BYBEHL Wiener 272, AT W, =
W, +z,,/At (W, =0)H5H53

TEIEL 3 1 4 AP BRI 3R 2 2219 A Wiz
N3 ( Brownian motion ) , BB HL Wiener i3 F ; 52
LR BENL I T R (4) BURS B % (The exact
solution) , X T 3 £c2k 51l 37~ I Euler —Maruyama
F 5 Milstein 772 Fll Runge—Kutta J5¥2: 45 2 14 5018
fi#, MIEI 3 A LLA F], Milstein J5 7% Fll Runge —Kutta
TERRI N BUE M LT S 5 0 e 22
BN, XS N Milstein 77 %5 Fll Runge—Kutta 77240
JE—Brsm S, T 4 A B B 1A OR F | Euler -
Maruyama J7 7515 21 (1) BUE i s 25RG 0 fA 22 | 3K 0
K4 Euler—Maruyama J5 7% B 3SR AT 0.5, i
S SO o T/

4 N Z

Se N — B IR o0 7 R e B ik 6 SR At R X e
TR 75 R B LR 2 SUBEDR 8 0505 R DT 1% |
ettt B9 BR $7 7 15 . = B Runge — Kutta 23 28 A1 PO Fiy
Runge—Kutta 225X, If-28 51 g R vl RRAL RS LE 1R A
TRV o7 80P 1 O 22 , LA SHG 8 AT ) AS [) ARG 32 5
HUON Tio BEALIRL I T3 2 0097 A=t &, 28 X EE T
BEAL W o> Jr FROKS B g R0 OAR N A BR E TR
(deterministic ) #3053 77 FERS 0 A 14 22 1), L 3

Maruyama 77 7%  Milstein 77 3%l Runge —Kutta J5 7%,
2B RT T ARG Wz 3 T /Y 3 dE 7 ik
PR SR 445 R LA D 550 0 A 1) O 22, 2 B 45 R 5 e
ST SE WG o A SO BENLI > 7 R B 27 ] %L
(B F00 SR ik B 7 FHARAT — RE 98 3 2 3

2 % LHK ( References) :

(1] ik, Jav. et sk R B ABe ) ).
hERE . BF, 2015, 45 (7) : 891—928
TANG T, ZHOU T. Recent Developments in High Order
Numerical Methods for Uncertainty Quantification [ J ].
Scientia Sinica Mathematica, 2015, 45(7). 891—928
(in Chinese)

[2] MARKOS A K. Noise Regularization and Computations for
the 1-dimensional Stochastic Allen—Cahn Problem [ J ].
Interfaces and Free Boundaries, 2007, 9(1) . 1—30

[3] FENG X B, LI Y K, ZHANG Y. A Fully Discrete Mixed
Finite Element Method for the Stochastic Cahn - Hilliard
Equation with Gradient — type Multiplicative Noise [ J].
Journal of Scientific Computing, 2020, 83(23) : 1—24

[4] FENG X B,LI Y K,ZHANG Y. Finite Element Methods
for the Stochastic Allen—Cahn Equation with Gradient—
type Multiplicative Noise[ J]. Siam Journal on Numerical
Analysis, 2017,55(1) ; 194—216

[5] ITO K. On Stochastic Differential Equations [ J ].
Memoirs of the American Mathematical Society, 1951,
4(1).1—51

[6] ARTMEEV S S. The Stability of Numerical Methods for
Solving Stochastic Differential Equations [ J ]. Siberian
Mathematical Journal, 1994 ,35(6) :1070—1074

[7] LIHR,SONG Z Y. A Reduced—order Energy-stability—
preserving Finite Difference Iterative Scheme Based on
POD for the Allen — Cahn Equation [ J ]. Journal of
Mathmatical Analysis and Applications, 2020, 491 (1) :
1—12

[8] LIH R,SONG Z Y, ZHANG F C. A Reduced — order
Modified ~ Finite  Difference ~ Method  Preserving

Unconditional Energy — stability for the Allen — Cahn

Equation [ J ]. Numerical Methods Partial Differential

Equations, 2021,37(3) :1869—1885



88 ERIBAFFER(EABFMR) %38 %

Some Numerical Methods and Applications of
Stochastic Ordinary Differential Equations

LI Huan-rong
(School of Mathematics and Statistics, Chongqing Technology and Business University,
Chongqing 400067, China)

Abstract ; Stochastic ordinary differential equation ( SODE) is the product of the combination of probability
theory and ordinary differential equation (ODE). It is more difficult to solve the exact solutions for stochastic

differential equations than to solve the exact solutions of deterministic differential equations. In view of a popular

interdisciplinary subject sovliving stochastic differential equations, the application and comparison of the
numerical solutions of stochastic differential equations are discussed in this paper. So we discussed numerical
methods of stochastic differential equations, including Euler—Maruyama method, Milstein method and Runge—Kutta
method. The differences between the exact solutions of stochastic differential equations and the exact solutions of
deterministic differential equations under the influence of different Brownian motion are compared by several
examples, and the results of different numerical methods and the errors between the numerical solutions and the
exact solutions are also compared. The results show that the numerical solutions of the Milstein method and Runge
—Kutta method are closer to the true solution than the Euler—Maruyama method, which are consistent with the
theoretical analysis. This conclusion has some guiding significance for the theoretical methods and applications of
numerical solutions of stochastic ordinary differential equations.

Key words : stochastic ordinary differential equations; numerical methods; Euler—Maruyama method ; Milstein

method ; Runge—Kutta method
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