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((摘(要!设F为有理数域#HOF!

@G

槡!"!其中G是奇素数#!

$
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H

为域H对应的代数整数环(运用局部

域的方法彻底解决了任意素数#在代数整数环I

H

中的素理想的分解问题#并且完全确定素数#在I

H

中可

能出现的素理想分解的具体形式(

关键词!素理想$ 局部域$ >284/8<42/多项式

((中图分类号!*AHE 文献标志码!B

如果H是含>次本原单位根的代数数域#文献%A& 完全解决了H!

G

槡!"中素理想分解问题#文献%@& 通

过平移扩张的方法讨论了该问题(当HOF!

G

?

槡!"时#文献%!& 解决了根号次数G和G

@

#进而文献%#& 解决了H

OF!

@G

槡!"中#j!中素数#在 H中的分解情况(此处在前人的基础上彻底解决了所有素数 #在 H中的分解

情况(

此处将采取一些记号$F为有理数'F

J

为 CL;?25局部域'#为素数'其他记号见文献%H&(

引理 A
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(设!##G" OA#!##!" OA#则%
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%%& 是
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在K上的极小多项式#JM为K上的素理想(

A" 如果8!%"在局部域K

JM

上分解成 :个不可约因式的乘积8!%" O8
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!%"8
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!%"*8
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!%"#其中 8
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!%"!A
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的代数闭包
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分别为H
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的分歧指数和剩余类次数(
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(如果域H含有>次本原单位根#则多项式 :!%" O%

>

G!在H上可约的充要条件是 !
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<
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#在文献%!& 已经彻底解决了#所以只需要讨论 !
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F
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情况(



引理 E(设KOF!槡!"#HOK!
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"!其中
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为G次本原单位根"#如果素数# >#且#为K中的素理想#

则#I

H

OJ
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J
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#8!J
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j#" O8为满足#
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A![%? G"中最小的正整数#7O
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!>"48(

证明(由于 /!H4K" *>
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4
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%

!>"4!#)A"

#而# >#所以由 4̂?4b2/?判别式定理知#在H中不分歧#

即N!J
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Q#" *A#下面只要求出8!J
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Q#" 值即可(但8!J
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是h;&!H4K"中的

元素#故有 H4K( )
#

-

>

)-

G

>

#!G#>" *A#所以 H4K( )
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A![%? >"最小正整数(对于I

H
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为#的有限域#而# >#当 :!%" *%

>
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H

4J%%& 中的多项式时#!:!%"#:E!%"" *A#所以%

>
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H

4J中没有重根#所以
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在 I

H

4J中的阶也是 >#于是由
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G
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#

@

>

![%? J" 可知 G*#

@

![%? >"#所以

8!JQ#" *8为满足#
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)

A![%? G" 的最小正整数(
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& j进一步可知 :!%" OA S%S%

@

S* S%

.

!>"

O8

A

!%"*8

7

!%" ![%? J"#其中
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引理 F(设C为代数数域#J是I
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中的非零素理想#R

J

是C的J进赋值#则当jI

!J"

4B

J
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C4F

!J"时#

I

C

4J
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!J"
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!J"

为C的关于R

J

赋值环#B

!J"
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!J"

的唯一极大理想"(

证明(从定义知#I
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!S"
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环#并且B
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OJ#于是有域的单同态I
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J
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!J"
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C4F

!J"#而jI

C

4JjO,

C4F

!J"#所

以同构(

由于#j!的情况已经由文献%#& 给出#故只讨论# !的情况!下面不再说明"(

定理 A(设HOF!

@G

槡!"#!6F

G且 !
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分解的情形如下$

!A" 如果 !
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!![%? #"则 @I
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O!J
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A
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*J
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#其中 8!J

"

j@" OA#其余的 8!J

<

j@" O8为满足 @

8

)

A![%? G"的最小正整数#7O!GGA"48(

!@" 如果 !

)

A![%? I"#则 @I

H

OJ
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*J
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*J
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#其中8!J
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j@" O8!J

""

j@" OA#其余的8!J
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8!J
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j@" O8为满足 @

8
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A![%? G"的最小正整数#7O!GGA"48(

!!" 如果 !
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H![%? I"#则 @I
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OJ

"

J
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*J
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#其中 8!J

"

j@" O@#其余的 8!J

<

j@" O@8为满足 @

8

)

A![%? G"的最小正整数#7O!GGA"48(

证明(因为!@#G" OA#所以
3

7#"使得 @7SG"OA#所以 ! O!

@7SG"
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#故有 F!

@G

槡!" OF!槡!#
G

槡!" ' O

F!

G

槡!"'KOF!槡!"##在I

'

上对应的素理想用JE

<

表示##在I

K

上对应的素理想用JM

<

表示##在I

H

上对应

的素理想用J来表示!后面证明中符号同上"(

!A" 由于 !

)

!![%? #"#根据文献%H& 可知 @I
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O!JM"

@

#8!JMj@" OA#N!JMj@" O@(又!@#G" OA#由文献

%!& 中的定理 # 可知 @I

'

OJ

"

EJ

A
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E*J

P

E#其中N!J

<

Ej@" OA#8!J

"

Ej@" OA#其余的8!JE

<

j@" O8为满足 @

8

)

A![%? G"的最小正整数#7O!GGA"48(又因为N!JMj@"N!J

<

jJM" ON!J
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Ej@"N!J

<
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<
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H
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@
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5
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!槡!" OF
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(由文献%H& 可知 @I

K

OJM

A
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#于是只需要

弄清楚JM

<
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H

中的分解#:!%" O%

G

G!为K上的极小多项式#则在F

@

上 :!%" O!!3GA"!3

GGA

S3

GG@

S*

SA"#令 A!3" O3

GGA
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S* SA 为 G次本原多项式#根据素数在分圆域 F!

-

G

"分解可知#A!3" O8

A
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8
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!GGA"48(根据引理 F 和V4/84&引理知#在F

@

上 :!%" O!%G

G
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J
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#其中8!J
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j@" O8!J
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j@" OA#其余的8!J

<

j@" O8!J
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j@" O8为满足 @
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A![%? G"的最小正整数#7O!GGA"48(
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H![%? I"时#可知槡!$F

@

#故K
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F

J

!槡!" OF

@

#由文献%H& 可知#@I

K

OJM#于是只需要弄清

楚JM在I

H

中的分解#:!%" O%

G

G!为K上的极小多项式#则在F

@

上 :!%" O!!3GA"!3

GGA

S3

GG@

S* SA"#

令 A!3" O3

GGA

S3

GG@

S* SA 为G次本原多项式#故 A!3" O8

A

!3"*8

7

!3"![%? #"#其中8

<

!3"都为![%? #"上

的不可约多项式#?408

<

O8为满足 @

8

)

A![%? G"的最小正整数#7O!GGA"48(根据引理 F 和V4/84&引理知#在

F

@

上 :!%" O!%G

G

槡!"8A!%"*8
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!%"#由引理 ! 知#JMI
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OJ
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*J
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#故 @I

H
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#其中8!J
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j@" O@#

其余的8!J
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定理 @(设HOF!

@G

槡!"#!6F

G且 !
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#G在I

H

分解的情形如下$

!A" %

G
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!![%? G

@

"有解且
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OA 时#GI
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OJ

"

J
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!J
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(

!@" %
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!![%? G
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"无解且
!( )
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O!J
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J

@

"
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(

!!" %

G

)

!![%? G

@

"有解且
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G

OGA 时GI

H

OJ

"

J

#GA

A

#其中8!J

<

jG" O@(

!#" %

G

)

!![%? G

@

"无解且
!( )
G

OGA 时GI

H

OJ

#

(

证明

!A" %

G

)

!![%? G

@

"有解#由文献%!& 可知#GI

'

OJE

"

!JE

A

"

GGA

#其中8!J

<

EjG" OA#N!J

"

EjG" OA#N!J

A

EjG" O

GGA#而当
!( )
G

OA 时#由文献%H& 可知 GI

K

OJM

A

JM

@

#N!JM

<

jG" O8!JM

<

jG" OA#由 N!JM

A

jG"N!J

A

jJM

A

" O

N!J

A

EjG"N!J

A

jJ

A

E"#可知GGAjN!J

A

jJM

A

"#而N!J

A

jJM

A

"

&

G#所以N!J

A

jJM

A

" OGGA#由引理 H 知8!J

A

jJM

A

" O

A#所以JM

A

I

H

OJ

GGA

A

J

@

#其中N!J

@

jJM

A

" O8!J

@

jJM

A

" OA(再由8!J

<

jG" O8!JM

<

jG"8!J

<

jJM

<

"#可以知 8!J

A

jG"

OA#8!J

@

jG" OA(再由N!J

<

jG" ON!JM

<

jG"N!J

<

jJM

<

"可知N!J

@

jG" OA#N!J

A

jG" OGGA#可知GI

H

必有J

GGA

A

J

@

理

想#而 N!J

<

jJ

<

E"

$

( A#@)#8!J

<

jJ

<

E"

$

( A#@)#所以 N!J

<

jJ

<

E"只能等于 A#JE

"

#JE

@

只能完全分裂(

GI

H

OJ

"

J

A

!J

@

J

!

"

JGA

(
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G
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!![%? G
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G

OA 时#由文献%!& 可知#GI

'

O!JE"

G

#其中 8!JEjG" OA#N!JEjG" OG(当

!( )
G

OA 时#由文献%H& 可知GI

K

OJM

A
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@

#N!JM

<

jG" O8!JM

<

jG" OA#由N!JM

<

jG"N!J

<

jJM

<

" ON!JEjG"N!J

<
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可知GjN!J

<

jJM

<

"#所以N!J

<
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<

" OG#JM

<
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H

OJ

G

<

#所以GI

H

O!J

A

J

@
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G

(

!!" %

G
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!![%? G
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!JE

A
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#其中8!J
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EjG" OA#N!J

"
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A
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G
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<

jJM" O8!J
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EjG"8!J

<

jJ

<
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知 @j8!J

<

jJ

<

E"#则有8!J

<

jJ

<

E" O@#再由引理 H 可知N!J

<

jJ

<

E" OA#所以 J

<

E在 I

H

上惯性#GI

H

OJ

"

!J

A

"
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其中8!J
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G

)

!![%? G

@

"无解且
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G

OGA#由文献%!& 可知#GI

'
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G
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!H" 当
!( )
G
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K
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H
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H
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(
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定理 !(设HOF!

@G

槡!"#!6F

G且 !

6

F

@
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7

@#G#则#在I

H

分解的情形如下$

!A" %

G

)

!![%? #"有解且
!( )
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OA##I

H

OJ

"

J

A

*J

P

J
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J

AA

*J

PP

#其中 8!J

"

j#" O8!J

""

j#" OA#其余

8!J

<

j#" O8!J

<<

j#" O8为满足#

8

)

A![%? G"的最小正整数#7O!GGA"48(

!@" %

G

)

!![%? #"有解且
!( )
#

OGA#则#I

H

OJ

"

J

A

J

@

*J

P

#其中8!J

"

j#" O@#其余的8!J

<

j#" O@8为满

足#

@8

)

A![%? G"的最小正整数#7O!GGA"48(

!!" %

G

)

!![%? #"无解且
!( )
#

OA 时##I

H

OJ

A

J

@

#其中8!J

<

j#" OG(

!#" %

G

)

!![%? #"无解且
!( )
#

OGA 时##I

H

OJ(

证明

!A" %

G

)

!![%? #"有解且
!( )
#

OA 时#由引理 A 可知槡!$F

#

#故 K

JM<

5

F

J

!槡!" OF

#

(由文献%H& 可知

#I

K

OJM

A

JM

@

#于是只需要弄清楚JM

<

在I

H

中的分解(:!%" O%

G

G! 为K上的极小多项式#则在F

#

上:!%" O

!!3GA"!3

GGA

S3

GG@

S* SA"#令 A!3" O3

GGA

S3

GG@

S* SA 为 G次本原多项式#故 A!3" O8
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