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Extreme Learning Machine Algorithm for Pantograph Delay Differential Equations
LI Jiaying, CHEN Hao
School of Mathematical Sciences, Chongqing Normal University, Chongqing 401331, China

Abstract: Objective A single hidden layer feed-forward neural network training method based on extreme learning
machine (ELM) was proposed for pantograph delay differential equations, and the method was extended to deal with the
system of pantograph equations with two delays. Methods Firstly, a feed-forward neural network with a single hidden
layer was constructed and the input weights and hidden layer bias were randomly generated. Then, by calculating the
coefficient matrix to satisfy the pantograph delay differential equation and its initial value conditions, the equation was
transformed into a least squares problem, and the output weight was obtained by using the Moor-Penrose generalized
inverse solution. Finally, the numerical solution of the pantograph delay differential equation with high precision could be
obtained by inputting the output weights into the constructed neural network. Results By comparing the results of
numerical experiments with those of existing methods, the effectiveness of the proposed method in dealing with pantograph
delay differential equations and the system of pantograph equations with two delays was verified. With the increase in the
number of selected training points and hidden layer nodes, the accuracy and convergence rate of the numerical solutions
were also increased. Conclusion The ELM algorithm is effective in dealing with pantograph delay differential equations
and the system of pantograph equations with two delays.
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Table 1 Comparison of absolute errors

R S S T ok Rik ELM 7 %

FEkh=0.01 (&ERKK%n=8) (m=8,n=10)
0.2 8.24e-04 7.08e~04 6.21e-09
0.4 1.35¢-03 1.29¢-03 6. 60e—09
0.6 1. 66e-03 1. 76e-03 6. 28e—09
0.8 1.81e-03 2. 1503 5.77e-09
1.0 1. 85¢-03 2.47e-03 5.22¢-09
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Table 2 RMS errors and rates of convergence of numerical solutions for the first-order pantograph delay differential equation
WLk s m=> m=10 m=15 m=20
FRMSE VROC FR}‘ISE VROC FRMSE VROC FRMSE VROC
2 1. 48e-02 - 1. 52e-02 - 1. 96e—-02 - 1. 61e-02 -
4 3. 70e-04 5.32 2. 74e-04 5.79 2.57e-04 6.25 1. 35e-04 6.59
8 2.23e-05 4.05 2. 66e—08 13.33 2. 03e-08 13.62 1.41e-08 13.22
16 5. 11e-06 2.12 1.48e-10 7.48 1. 69e-11 10.23 2.46e—-12 12.48
32 3.72e-06 0.45 1.39e-11 3.41 4.40e-13 5.26 1. 10e-13 4.48

B2 —HbBIERMSY AEERRE-EEE,
THEREM ELM iR &R E
Fig.2 Absolute errors of the solutions using Runge—Kutta method,
variational iteration method ,and ELM method for the
first-order pantograph delay differential equation
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Table 3 Comparison of absolute errors for the second-order
pantograph delay differential equation

R — Bk T ok ARk ELM 7 %

F,h=0.01 (&EKRKREn=6) (m=6,n=10)
0.1 1. 00e-03 1. 67e-04 1. 16e-07
0.2 2.02e-03 7. 15e-04 2.93e-07
0.3 3.07e-03 1.73e-03 5.02e-06
0.4 4.17¢-03 3.30e-03 7. 73e-06
0.5 5.34e-03 5.55e-03 1. 08e-06
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Fig. 3 Absolute errors of the solutions using Runge-Kutta

B3

method, variational iteration method,and ELM method

for the second-order pantograph delay differential equation
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Table 4 RMS errors and rates of convergence of numerical
solutions for the second-order pantograph delay

differential equation

VIE - m=5 m=10 m=15
s Fruse Vioe Frvse Vioc Frose Vioc
2 3.45e-02 - 3.32e-02 - 3.08¢—02 -
4 3.86e-04 6.48 2.5le-04 7.04 8.72-05 8.46
8 1.5le-04 1.35 2.84e-07 9.78 1.03¢e-07 9.72
16 3.8%-05 1.95 2.35-07 0.27 9.28¢—08 0.15
32 2.34e-06 4.05 8.04e-08 1.54 3.61e-08 1.36
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Table 5 Comparison of absolute errors for the third-order

pantograph delay differential equation

R — ik T ok Kk ELM 7 %

TR h=0.01 (&EKRKEn=6) (m=12,n=20)
0.2 4. 43e~04 2.98e-10 1. 24e—09
0.4 3. 85e-03 1.01e-08 1.21e-09
0.6 1. 39e-02 8. 24e—08 1. 48e—09
0.8 3.53e-02 3. 7607 1. 36e—09
1.0 7. 34e-02 1. 26e—06 4. 65¢-10
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Fig. 4 Absolute errors of the solutions using Runge-Kutta
method, variational iteration method ,and ELM method
for the third-order pantograph delay differential equation
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Table 6 RMS errors and rates of convergence of numerical

solutions for the third-order pantograph delay

differential equation

VIE -7 m=38 m=10

S FR,\ISE VROC FRMSE VROC FRMSE VROC

4 2.66e-02 - 4.07e-02 - 1.17e-02 -

8  3.62e-03 2.87 1.20e-05 11.72 2.28e-06 12.32
12 5.90e-04 4.47 1.25%¢-06 5.57 1.82¢-08 11.91
16 3.28¢-05 10.04 3.20e-07 4.73 4.45¢-09 4.89
20  1.47e-05 3.59 5.53e—07 -2.45 2.00e-10 13.90
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Table 7 RMS errors and rates of convergence of numerical
solutions for the system of pantograph equations
with two delays y,(¢)

D %k 5. m=8 m=10 m=12
s Frse Vioc Frvse Vioc Frse Vioc
2 3.00e-02 - 4.43e-02 -  6.05e—02 -

4 6.72e—04 5.48 1.15%¢-03 5.26 7.93e-04 6.25
8 2.44e-06 8.10 2.40e-08 15.54 1.08e-07 12.84
16 4.88¢—07 2.32 9.87e-09 1.28 3.98e-10 8.08
32 3.65¢-08 3.74 2.56e-10 5.26 7.64e-11 2.38

xS WILBIEERMST RS y,(¢) BIBERBHTR
IR 2= AN SR B
Table 8 RMS errors and rates of convergence of numerical
solutions for the system of pantograph equations with

two delays y,(t)

Y| 45 & m=38 m=10 m=12
S FR“SE VR()(: FRMSF, VR()(: FR\'IS": VR()(I
2 2. 11e-03 - 3. 72e-03 - 5.59-03 -
4 4.3le-04 2.29 1.40e-04 4.73 9.11e-05 5.93
8 3.46e-07 10.28 6.6le—09 14.37 2.43e-09 15.19

16 3.44e—08
32 4.03e-09

3.33 5.96e-10 3.47 2.46e-12 9.94
3.09 6.60e-11 3.17 3.6le-12 -0.55
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