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1 Introduction

Recently ,the existence of almost periodic solutions of difference systems with delay has been treated in several

"1 Y. Song and H. Tian'® have studied the existence of periodic and almost periodic solutions for

works'
nonlinear Volterra difference equations by means of certain stability of a bounded solution. Hamaya'®' has
investigated the existence of almost periodic solutions of functional difference equations with infinite delay by using
stability properties of bounded solutions. Y. Xia and S. Cheng'" have studied the existence of almost periodic
solutions of ordinary difference equation by using globally quasi-uniformly asymptotically stable. In [11], Hamaya
discussed the relationships between the stability properties of solutions of the nonlinear integrodifferential equation
and those in their limiting equations. In [ 12 ], Hamaya discussed the existence of a periodic solution of an
integrodifferential equation by using stability properties of a bounded solution. In this paper,we shall concern with
nonlinear Volterra difference equations with unbounded delay and discuss the existence of totally stable and
asymptotically almost periodic solution by using certain total stability properties of a bounded solution.

Let R" denote Euclidean m-space, Z is the set of integers,Z " is the set of nonnegative integers and | - | will
denote the Euclidean norm in R™, for any interval ICZ: = ( — o, + © ), we denote by BS (I) the set of all
bounded functions mapping I into R" ,and | |, =sup{ [ $(s) | :sel}.

Now , for any function x:( — o ,a)—R" and n < a, define a function x,:Z~ = ( — o ,0] —-R" by x,(s) =

x(n+s) forseZ . Let BS be a real linear space of functions mapping Z~ into R" with sup-norm
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BS = {¢|p:Z"—>R" with |/, =Ssulg\¢(s)\ < |

We introduce an almost periodic function f(n,x) :Z x D—R"™ ,where D is an open set in R".

Definition | f(n,x) is said to be almost periodic in n uniformly for x € D, if for any & >0 and any compact
set K in D ,there exists a positive integer L™ (&,k) such that any interval of length L" (&,k) contains an integer 7
for which

fin+7,2) —f(n,x) | <&
for all n e Z and all x € K, such a number 7 in above inequality is called an g-translation number of f(n,x).

In order to formulate a property of almost periodic functions, which is equivalent to the above definition, we
discuss the concept of the normality of almost periodic functions. Namely, Let f(n,x) be almost periodic in n
uniformly for x € D, then,for any sequence {h’,| CZ,there exists a subsequence {h,| of {h’,| and function g(n,
x) such that

fn+ by x) —>g(n,%) (1)
uniformly on Z x K as K— o ,where K is a compact set in D). There are many properties of the discrete almost

10,1

periodic functions''”"* which are corresponding properties of the continuous almost periodic functions f(n,x) e

C(RxD,R"). We shall denote by T(f) the function space consisting of all translates of f,that is,f, € T'(f) , where
fi(n,x) =f(n+71,x), TeZ (2)
Let H(f) denote the uniform closure of T(f) in the sense of (2),H(f) is called the hull of f. In particular, we
denote by £2(f) the set of all limit functions g € H(f) such that for some sequence {n,}| ,n,—>w as K—o and
f(n+n,,x) —>g(n,x) uniformly on Z x S for any compact subset S in R". By (1),if /1 Z x D—R"is almost
periodic in n uniformly for x € D,so is a function in £2(f). The following concept of asymptotic almost periodicity
was introduced by Frechet in the case of continuous function.
Definition 2 wu(n) is said to be asymptotically almost periodic if it is a sum of a almost periodic function
p(n) and a function g(n) defined on I* = [0, % ) which tends to zero as n— o ,that is,
w(n) = p(n) +q(n)
u(n) is asymptotically almost periodic if and only if for any sequence {n,} such that n,—o as k—o ,there exists

a subsequence {n,} for which u(n +n,) converges uniformly on 0<<n < o .

2 Preliminaries

We consider a system of Volterra difference equation

x(n+1) =f(n+n.,x(n)) + Z F(n+n,,s,x(n+s),x(n)) (3)

s= -

where f:Z x R"—R™ is continuous at second variable x e R” and F(n,s,x,y) is defined forne Z,se ( —« ,0],
x e R" and y e R" ,and continuous for x € R" and y e R".

We impose the following assumptions on Eq. (3) :

(H1) f(n,x) is an almost periodic in n uniformly for x € R",and F(n,s,x,y) is almost periodic in n
uniformly for (s,x,y) ek” ,that is for any &£ >0 and any compact set k£~ ,there exists an integer L* =L" (c,k) >

0 such that any interval of length L™ contains a 7 for which
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|F(n +71,s,2,y) —F(n,s,x,y) | <e
for all ne Z and all (s,x,y) ek”.

(H2) For any & >0 and any r >0, there exists an S =S(e,r) >0 such that

Z |F(n,s,x(n+s),x(n)) | <e

s=-®

for all n e Z,whenever |x(8) | <r for all §<n.
(H3) Eq. (3) has a bounded solution u(n) defined on [0, ) which passes through (0,u,) ,that is sup,_,

lu(n) | <o and u, e BS.

For any 0,y € BS,we set p(0,¢) = jipj(ﬁ,l,//)/[Z/(l +p;(0,4)) ], where p.(6,¢) = Sup 16(s) -
@ (s) | ,clearly,p(6,,0)—0 as n—oo if and only if 6, (s)—@(s) uniformly on any compact subset of ( — o ,0]
as n— . We denote by (BS,p) the space of bounded functions ¢: ( — o ,0]—R" with metric p.

Let K be the compact set in R" such that u(n) ek for all n.e Z,where u(n) =¢’(n) for n<0.

Definition 3 A bounded solution u(n) of Eq. (3) is said to be

(i) (koy,p)-stable (in short, (k,,p) —S) if for any & >0 there exists a §(n,,&) >0 such that if ny =0,
p(x, ,u, ) <8(ng,&),then p(x,,u,) <e for all n=n,,where x(n) is a solution of (3) through (n,,¢) such
that x, (s) =¢(s) ek for all s<0.

(ii) (k,,p)-uniformly stable (in short, (k,,p) — US) if for any & >0 there exists a §(&) >0 such that if
n,=0,p(x, ,u, ) <8(&) ,thenp(x,,u,) <e for all n=n,,where x(n) is a solution of (3) through (n,,$) such
that x, (s) =¢(s) ek for all s<0.

(i) (k,,p)-equi asymptotically stable (in short, (k,,p) —EAS) if itis (ky,p) — S and for any &£ >0, there

exists a §,(n,) >0 and a T(n,,&) >0 such that if n,=0,p(x ) <8,(ny) ,then p(x,,u,) <& forall n=n, +

ng ? un()
T(e) ,where x(n) is a solution of (3) through (n,,¢) such that x, (s) =¢(s) ek for all s<0.

(iv) (k,,p)-uniformly asymptotically stable (in short, (k,,p) — UAS) if it is (k,,p) — US and is (k,,p)-
quasi uniformly asymptotically stable ,that is,if the §, and the T in above (iii) are independent of n,( for any & >0

there exists a §, >0 and a (&) >0 such that if n,=0,p(x ) <8,,then p(u,,u,) <gforall n=n, +T(e),

ny uno
where x(n) is a solution of (3) through (n,,¢) such that x, (s) =¢(s) ek for all s<0.).
(v) (ky,p)-eventually totally stable (in short, (k,,p) — ETS), if for any £ >0, there exists a (&) >0 and

a(e) such that if ny=a(e) ,p(x ) <8(&) and h e BS([n,,% )) which satisfies ||, ., <&(e),then

no ? u"o ng, ®

p(x, ,u, ) <8(e) for all n=n,,where x(n) is a solution of

x(n+1) =f(n+n,x(n)) + Z F(n+n,,s,x(n+s),x(n)) +h(n)

through (n,,¢) such that x, (s) =¢(s) ek for all s<0. If we can choose a (&) =0,then u(n) is said to be
(ky,p) -totally stable (in short, (%y,p) —TS). In the case where h(n) =0,this gives the definition of the (%,,p)
-US of u(n).

When we restrict solutions x to those which remain in k&, ,that is,x(n) ek, for all n=n,,we say that u(n) is

relatively eventually totally (k,,p)-stable(in short, (k,,p) — RETS) and so on.
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3 Main Results

Theorem | Under the assumptions (A) through (D) ,if the bounded solution u(n) of (3) is (k,,p) —
RETS, then u(n)is asymptotically almost periodic.
Proof Let {n,| be a sequence such that n,—w as k—o. If we set u'(n) =u(n+n,) k=12,

u"(n) is a solution of

0

x(n+1) = f(n+n,x(n)) + ZF(n+nk,s,x(n +s5),x(n))

and u"(n) remains in k,. Since u(n) is relatively eventually totally (k,,p)-stable,u" (n) is also relatively
eventually totally (%,,p)-stable with the same (§( + ),a( + )) as for u(n).

For given & >0, there exists a positive integer k, (&) such that n,=a(e) if k=k,(g). Taking a subsequence
if necessary,we can assume that u"(n) converges uniformly on any compact set in ( — o ,0] as k—o . Therefore
there exists a positive integer k, (&) such that if k,m=k, (&) ,p(up,ul) <8(e). Clearly u"(n) =u(n+n, )is a

solution of

x(n+1) =f(n+n,x(n)) + ZF(n+nk,s,x(n+s),x(n)) +h(n) (4)

s=-—0

and u"(n) e kyfor all n e Z,where

h(n) =f(n +n,,u"(n)) + Z F(n+n,,s,u"(n+s),u"(n)) -

s=-—®

f(n+n,,u"(n)) + Z F(n+n,,s,u"(n+s),u"(n))

s=-00

We shall show that there exists a positive integer k, (&) such that if k,m=k,(&), | h(n) | <8(&) for n=0,
there exists a ¢ >0 such that |x | <c for all x e k,. It is clear that u"(n) <c and u"(n) <c for all ne Z . By

assumption ( H2) ,there exists an S =S(c¢,e) >0 such that

Z F(n+n,,s,u"(n+s),u"(n)) <6(e)/5 foralln e Z
Z F(n+n,,s,u"(n+s),u"(n)) <86(e)/5 foralln € Z

Since f(n,x) and F(n,s,x,y) are almost periodic in ¢ for this S, there exists a positive integer k, (&) =
max(k, (&) ,k,(&)) such that if k,m=k,(&).
| F(n +n,,s,u"(n+s),u"(n)) = F(n+n,,s,u"(n+s),u"(n)) | <8(e)/5s
forall ne Zand -s<s <0
[ f(n+n,,u"(n)) —f(n+n,u"(n))| <8(e)/Sforalln e Z
Since we have

\ Z F(n+n,,s,u"(n+s),u"(n)) - Z F(n +n,,s,u"(n+s),u"(n))| <

§=-o s=-o

= =5

Z |F(n +n,,s,u"(n+s),u"(n)) | - z | F(n +n,,s,u"(n+s),u"(n)) ]| -

s=-0 s= -
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Z |F(n +n,,s,u"(n+s),u"(n) —F(n +n,,s,u”"(n+s),u"(n))) |

s=-s

We obtain | h(n) | <8(g) for n=0if k,m=k,(&). Since u"(n) is a solution of (4) which remains in k,
and u"(n) is relatively eventually totally (k,,p)-stable,we have p(ul,ul") <g for all n=0 if k,m=k,(e) . This
implies that if k,m=k,(e),

lu(n +n,) —u(n+n,) | < sup |u(n+n, +s) —uln +n, +s) | <4e
se[-1,0]

for all e<1/4 and all n=0 . Thus we see that for any sequence {n,} such that n,—w as k— o ,there exists a
subsequence | nkj} of {n,| for which u(n + nkj) converges uniformly on [0, ) asj—oo . This shows that u(n) is
asymptotically almost periodic in n.

We donte by Q2(f, F) the set of all limit functions (g(n,x),G(n,s,x,y)) such that for some sequence
in,}, n,—>w as k—ow f(n+n,,x) converges to g(n,x) uniformly on Z xS for any compact subset S in R" and
F(n+n,,s,x,y)converges to G(n,s,x,y) uniformly on Z X S" for any compact subset S* in Z*. Moreover, we
denote by (v,g2,G) e Q(u,f,F) when for the same sequence {n,} ,u(n +n,)—v(n) uniformly on any compact
subset in Z as k—oo . Then a system

x(n+1) = g(ln,x(n)) + Z G(n,s,x(n +s),x(n)) (5)

s=-o

is called a limiting equation of (3) when (g,G) e 2(f,F) and v(n) is a solution of (5) when (v,g,6) e 2(u,
1 F).

In the followings, we let K be the compact set such that £ = m for some g, >0, where m
denotes the closure of the g,-neighborhood N( &g,k ) of k.

Theorem 2 Under the assumptions ( A) through (D), assume that system (3) admits a limiting equation
(5) whose solution v(n) such that (v,g,G) e Q(u,f,F) is (ky,p) =TS, then u(n) is (k,,p) —ETS.

Proof Since (v,g2,G) e A u,f,F) ,there exists a sequence {n,} ,n,—o as k—o ,such that f(n +n,,x)
—g(n,s) uniformly on Z xK,F(n +n,,s,x,y)—G(n,s,x,y) uniformly on Z xS* x K x K for any compact set
S*in (= ,0] and u(n +n,)—v(n) uniformly on any compact set in Z as k—o . If we set u"(n) =u(n +
n,),k=1,2,- u"(n) is a solution of

x(n+1) =f(n+n.,x(n)) + Z F(n+n,,s,x(n+s),x(n)) (6)

s=-®

and u(/; (s) ek, for all s<0. There exists a ¢ >0 such that |x | <c for all x e k. Let x(8) be a continuous function

such that x(8) ek for all §<n . By assumption ( H2) ,there exists an S=S(c,g) >0 such that

i | F(n +n,,s,x(n+s),x(n)) | <8(8(e/2)/2)/5

s= -0

where §( - ) is the number for the total (k,,p)-stability of v(n) . Since F(n +n,,s,x,y) —>G(n,s,x,y),

we have

-5

z | G(n,s,x(n +s),x(n)) | <8(8(e/2)/2)/5

s=-®

for the same S. Thus,by the same argument in the proof of Theorem 1 ,there exists a positive integer K, (&) such

that if K=K,(¢g),
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| f(n +n,,x(n)) - ZF(n+nk,a,x(n+s) ,x(n)) -

s=-®

g(n,x(n)) - Z Gln,s,x(n+s),x(n)) | <8(8(e/2)/2) (7)

s=-

and p(ug,vo) <8(8(&/2)/2). Since u'(n) is a solution of (6) ,u"(n) is a solution of

x(n+1) =g(n,x(n)) - Z G(n,s,x(n +s),x(n))

where u} (s) €k, for all s<0. Since p(ug,v,) <8(8(&/2)/2) by (7) and if K=K, (&) and since v(n) is totally
(ky,p) -stable,we have
p(ulv) <8(e/2)/2 forallt =0 (8)
We let m =K,(&) and a(e) =n,. We shall show that if ny=a(e) ,p(u,,,y,,) <8(&/2)/2 and | h(n) |
<8(&/2)/2 for n=n, ,where y(n) is a solution of

x(n+1) =f(n,x(n)) - Z F(n,s,x(n +s),x(n)) + h(n)

s=-

such that y, (s) ek, for all s<0. Now we assume that p(u,,y;) =& for a § >n, and p(u,,y,) <& for ny<n <8,

if we set z(n) =y(n+n,,),z(n) is a solution defined on n, —n, <n<d-n, of

x(n+1) =f(n+n,,x(n)) + ZF(n+nm, ,ax(n+s),x(n)) + h(n +n,)

s= -

such that z (s) =y,,(s) ek, for all s<0 . Moreover,z(n) is a solution of

ny—npy,

x(n+1) = gln,x(n)) - Z G(n,s,x(n+s),x(n)) +q(n)

s= -

where ¢(n) = f(n +n,,z(n)) - Z F(n+n,,s,z(n+s),z2(n)) +h(n+n,) —g(n,z(n)) - Z G(n,s
z(n +s),z(n)).

Since |z(n) | <c for n<8-n, and small £ >0 and since |h(n+n,) | <8(&/2)/2 for n=n, —n, ,we

m?

have | q(n) | <6(&/2) for ny —n,<n<8-n, by (7). Since n,=n,and p(v, ., su,) <8(e/2)/2 by (8)

and p(u, .z, _, ) =p(u, .y, ) <8(&/2)/2,we have p(v, _, .2, . ) <p(v, _, ,u,) +p(u, ,z, . ) <8(e/2).
Thus the total stability of v(n) implies that p(v,_, ,zé_nm) <eg/2.

) <8(&/2)/2 for n=n,.

Therefore,,if ny=a(e) ,p(u,,,y, ) <8(&/2)/2 and [h(n) | <8(&/2)/2 for n=n,,then we have p(u;,

On the other hand,Eq. (8) implies that p(u

no n ny,

ys) <p(us,v5_, ) +p(vs_, ,z5_, ) <e. This contradicts p(us,y,) =&. Thus p(u,,y,) <& for all n=n,,if n,=
ale),p(u,,y,) <6 (&) and |h(n) | <8" (&)for all n=n,,where 8" (&) =8(&/2)/2. This shows that
u(n) is eventually totally (k,,p) - stable.
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