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Absdtract: Inpgper [1], the author established the optimality conditions for the finite dmensional multiobjec-
tive differentiable progranming, and got a seriesof meaningful conclusions In thispgper, we expand these conclu-
sions o the infinite vector optimation problems, and the optimality conditionsof infinite vector optimation problens
are obtained
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Many reaults of the optimality conditions for infinite vector optimation problens have already caused the inter-
est of a lot of scholars Thispgper dealswith the infinite vector optimation problens By using the constraint quali-
fication SC C (K, X'), the necessary optimality conditions forweak Pareto-optimal ®lutions are obtained The suffi-
cient optimality conditions forweak Pareto-optimal lutions are discussed in the case of convexity andn - convexity

sparately.
1 Prelminaries

Let X be aBanach pace and Y be a locally convex Hausdorff pace Suppo<se that Y. isa positive conewith
nonanpty interior in Y, Y, # Y,0 Y,. Wemay obtain a linearorder < on Y definedby y'<yif y-y V..
But, y <ymeansy-y intY,. ySy <y'>y,y<y <y >y LetY denote the opological dual of Y. The
dual cone Y, of Y, isdenoted by Y. = {y Y : y,y =0,Vy Y.}, where y,y denotes the value of
the continuous linear functional y* at the point y. In thispaper, consider the infinite vector optimation problens
min f(x)
st -g(x) Z.,,h(x) =0 (VP)
where f: X - Y, g: X »Z, and h: X -W are all differentiable functions in the sense of Frechet(or simply F -
differentiable). LetY have apositive conewith nonempty topological interior let Z, W beBanach paceswith pos
itive cones Z, andW ., with nonanpty topological interiors regectively, andW . be a point cone
LetK={x X:g(x)<0,h(x) =0}, where K is a feasible st of the problen (VP).

12009 - 01 - 15; 12009 - 03 - 02
(1981-),




220 ( ) 26

Defnition 1We sy that X Kisa Pareto-optimal ®lution of the problen (VP), if there existsno x K,
x# X such that f(x) < f(xX).

Defnition 2We say that X K isaweak Paret-optimal ®lution of the problem (VP) , if there does not exist
x K such that f(x) < f(xX).

L enma 1 (altemative theorem, se[2]) LetD be a nonempty st and Y be an ordered linear topological

pacewith a positive cone Y, with nonempty interior If F:D - Y isa suboonvexlike magpping, then either (i) or
(ii) holds

( )thereisX D such that F(X) <0;
( ) thereisy  Y,suchthaty #O0and F(x),y =0, Vx D.
The wo altematives () and () exclude each other.

2 Necesaary optimality conditions

Defnition 3LetV be a locally convex Hausdorff gpace, USV. The vectord V iscalled a convergence vec-
torforU atw, U, if andonly if there existsa sequence { u,} inUand a squence { a,} of a positive real numbers
sauch that

. . ) u, -
limu, = w, lima, = 0, lim "anuo =d

Lenma 2 (se[6]) Suppose that X K is aweak Pareb-optimal olution of the problen (VP), then no
convergence vector for f(K) at f(xX) is strictly negative
LetC (K, X) be the setof all convergence veciorsforK atx’, and let S={x X: g (X)x< 0, h' (X) x =0}.
We sy that g and h satiffy a constraint qualification at X' if S C (K, ).
Theoran 1 Suppo<se that
(i) ¥ K isaweak Pare-optimal olution of (VP);
(ii) f, g and h are F - differentiable at X ;
(iii) g and h satisfy the constraint qualification at x.
then, thereexisty, Y., % #20, 2 Z.,w, W , such that
o (X)) +2 g'(X) +w, h' (X') =0
g(X)<0, h(X) =0
Proof LetxX be aweak Pareb-optimal ®lution of (VP). Then ¥ K and hence g(X)< 0,h(xX) =0

(i) Letd C(K,X). Then, there existsa sequence { x,} C K and a squence { a,} of a positive real num-
bers auch that

0
X, - X

% —X,a, -0, ~d

Due o f isF - differentiable at X, we have:

PN 0 oy o f00) -FO) e %X 006 -X) % -X
f(x) =f(x) +f'(X) (%, -X) 40 (x -x),il e, . =f"(xX) . " S "

where o(x, - X) /| |% - X || »0(n—). Therefore, S (X)d

fO) - F(X)
a,

By the continuity of f, f(x,) - f(X). Itmeansthatf’(xX’) d isa convergence vector of f(K) at f(X'). By
lenma 2, f'(X)d 0,Note thatW have a positive coneW , with nonenpty tpological interior, andW . isa point
cone Hence, foranyd C(K, X), the systan of ' (X) d <0, g (X)d< 0, - h' (X) d< 0, h' (X) d< 0 is in-
consistent

( ) Letd X, d&cC(K X), then d&S Thatis for any d§ C (K, X), the systen g' (X) d< 0, - h' (X)
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d< 0, h' (X) d< 0 isinconsistent Hence, for any d§ C (K, X), the systam f' (X’) d<0,g' (X)d< 0, - h' (¥) d
< 0,h' (X) d< 0 is inconsistent
LetF(x) =(f'(X)x g (X)x -h (X)x h(X)x), x X
We note that Y, , Z, ,W, have nonempty topological interiors Hence, there existsno d X, such that F(d)
=(f'(X)d, g (X)d, - h(X)d h(X)d) <0
It isobvious that X isa convex st Since F isa convex function on X, it isa subconvexlikemgoping A coord-
ingoLenmal, 3p =(y,2,Ww,¥) Y. XZ, XW, xW., p #0, such thatl F[; ,pl =0, Vd X
ie,y f'(X)d+Z g (X)d-w h"(X)d+y h'(X)d=Q
W hile changing into the - d,y, ' (X)d+Z g (X)d-w h'(X)d+y h'(X)dsQ
Hencewe gety, f' (X)d+Z g (X)d-w h' (X)d+v h'(X)d=0Q
Letw, =% -uw W . Weget
Yo f'(C)d+z7 g'(xo)d+w5 h' (X)d=0, Vd X (1)
From (1) , we obtain;
¥ £'(X) +7 g'(X) +w, h' (X) =0

3 Sufficient optmality conditions

Corollary 1 The conclusionsof Theorem 1 hold with hypothesis( ) and( ) as above, but hypothesis( )
replaced by ()’ S, ={x X K (X) x =0} € C (K, X).
Since SC S,, the comllary establishs obviously.
Theoran 2 Suppo<se that
() f,gand h are F - differentiable at x’;
() fand g are convex, h isconvex and concave;
() thereexisty, Y.,% #0,2 Z,,w, W ,such that
Ay f'(X)x+2z g (X)x+w, ' (X)x=2 0, Vx S;
(b) g(X) =0;
(o) h(xX) =Q
Then, X is aweak Paret-optimal olution of (VP).
Proof If X isnot aweak Pareto-optimal lution of (VP), then, there exists x K such that f(x ) <f
(X). Hence, by assmptions( ), ( ), ( ) (b), ( ) (c),we have
(X)) (x -X)<f(x) -f(X) <0
g (X)(x -X)<g(x)-g(xX)<0
h' (X) (x -xX) =h(x") - h(xX) =0
It follows that 3 x° - X S, such that ' (X) (x* - X) <Q Forf' (X) usingonS inLemmal, by thistime
the asamption (ii) of Lenma 1 does not hold fory, Y.,y # Q Therefore, we have x' S such that

o £ (X)X <0 (2)
Using X' S,weobtain g' (X)x'< 0,h' (X)x =0 Sincez Zz . andw, W', therefore
2 g (X)x'<0,w h'(X)x =0 (3)

By (2) and(3), wegety, f' (X)X +z g (X)X +w, h' (X) x' <0, which contradicts ( ) (a). Conse
quently, X isaweak Paret-optmal ®lution of (VP).

In the next theoram, we replace the convexity of f, g and h by thell - pseudoconvexity of a suitable linear com-
bination of the componentsof f, g and h

Defithation 4LetQ: X — Y isF - differentiable at Xon X. Themapping® is said © ben - convexity at X, if
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dn: X xX =X such that

@ () -0 ()2 (XN (xX),Vx X
Themapping® is said © ben - pseudoconvexity at X, if@ ' (X)N (x, X) = 0=0 (x) 2@ (X), Vx X
Theoren 3 Suppose that

( )f,gand h are F - differentiable at X ;

( )thereexisty, Y.,% #0,2 Z.,w, W ,such that

(@ [y f'(X) +7 g’ (X) +we ' (X) N (x, X) =0, Vx K

(b) g(X) =0;

(c)h(X) =Q

( )y f(x) +2 g(x) +w, h(x) is) - pseudoconvexity at X

Then, X is aweak Paret-optimal olution of (VP).

Proof If X isnot aweak Paret-optimal lution of (VP), there existsx K such that f(x" ) - f(X') <Q
Since x° K, by assmptions (ii) (b) and(ii) (c) , therefore, we concinde that

g(x') -g(xX)<0, h(x') -h(X) =0

Yo f(x') +2 g(x ) +ws h(x ) <y f(X) +7 g(x') +w, h(xX') (4)
[y FO) +2 g(X) +wg h(X') 1=l (x7, X)) =[y of (X) +7 og' (X') +w, o' (X) N (x',xX')=0

By definition ofn - pseudoconvexity, we have:

Yo F(X') +2 g(x' ) +we h(x )=y f(X) +7 g(X) +w, h(x)
which contradicts (4). Therefore, we obtain:
[y f'(X) +7 g (X) +w, h' (X) N (x X') <0, Vx K

but this violates hypothesis(ii) (a). Hence X isaweak Pareto-optimal slution of (VP).
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